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ABSTRACT 



A representation of the quantum affine algebra U q (sl3) of an arbitrary level k is constructed 
in the Fock module of eight boson fields. This realization reduces the Wakimoto representation 
in the q — > 1 limit. The analogues of the screening currents are also obtained. They commute 
with the action of U q (sl^) modulo total differences of some fields. 
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1. Introduction Recently the anti-ferroelectric spin-1/2 XXZ-Hamiltonian was ex- 
actly diagonalized fl|] by using the technique of q- vertex operators [[|. Further, an integral 
formula for correlation functions of local operators was found in the case of spin 1/2 [[| with 
the help of a boson representation of U q (sl2) of level 1 [Q. The technique of vertex operators 
was also been applied to the case of higher-spin XXZ models]^]. Construction of the free 
boson representation of U q {sl2) of higher levels is crucial to obtain the integral formula for 
the correlation functions in this case. In fact the bosonization of U q (sl2) of an arbitrary level 
was given Hf7j using an analogue of the currents defined by the Drinfeld realization || of 
U q (sl2)- The Drinfeld's generators are expressed in terms of three boson fields. 

To study the higher rank version of the XXZ model, that is, the vertex model associated 
with the R matrix of U q (sl n ), we are interested in a bosonization of U q (sl n ). In this article we 
construct a bosonization of the quantum affine algebra U q (sl^) as the first step toward this 
direction. In the q — > 1 limit, this new representation reduces to the Wakimoto representa- 
tion with bosonized (3 — 7 system P][iT][n|. Further, this Wakimoto representation has a 
connection with the difference operator representation of U q {sl^) obtained in |12| . 

We obtain two analogues of the screening currents in terms of boson fields. These operators 
have the property that they commute with the currents modulo total differences of some 
operators. Hence a suitable Jackson integral of the screening currents should commute exactly 
with the currents. A Jackson integral formula for the solution to g-deformed Knizhnik- 
Zamolodchikov equation [§] was found by Matsuo [0 and Reshetikhin ]14|]. We think that 
there is a deep connection between the existence of our screening currents and these Jackson 
integral formulas. 



2. Free boson fields a 4 , 6 M , and & (i — 1, 2, \i — 1, 2, 3) In this article we consider 
bosonization of the Drinfeld realization of U q (sls). We construct Drinfeld's generators in terms 
of eight free boson fields. Hereafter let q be a generic complex number such that \q\ < 1. We 
will frequently use the following standard notation: 



for m G Z. 



Let k be a complex number. Let {a l n , b%, c^, Q l a , Q%, Q% \n e Z , z = 1, 2, // = 1, 2, 3} be the 
set of operators satisfying the following commutation relations: 

[a„n] [(k + 3)n] 



a 1 a J 



6. 



n+m,0 ' 



aoiQl =aij(k + 3) 



n 

K> bU J = -VUjo^, Qb\ = "<W> (!) 

r u i/i r c [ n ] [ n ] r u ^u] _ r 

[ c n! C mJ ~~ o /i,i/°n+m,0 > l c ) V C J ~~ "m,*" 

where (aij)fj =1 is the Cartan matrix of of type A%, i.e. an = a<xi = 2,a>i2 — a 2i = — 1- The 
remaining commutators vanish. 

Let us introduce eight free boson fields a 1 , b^, and c M (i = 1, 2, /i = 1, 2, 3) carrying param- 
eters M,N e Z >0 , a G R. Define a'(M; JV|z; a) (i = 1, 2) by 



Note that this definition is slightly different from the one given in [q] . We define 6 M 
c M ^M; N\z; on (/i — 1, 2, 3) in the same way. In the case M = N we write 

a* (z; a) = a*(iW; M|z; a), 

and likewise for b^iz] on, &"{z\ on. Furthermore we introduce a±(^M; N\z^j (i = 1, 2) as 

4(M;iV| 2 ) = ±(( 9 - 9 -') £ l^z- + ^log 5 ). (3) 

The fields 6±(M; iV| 2), c±(ilf; iV|z) (/x = 1,2,3) are defined in the same way. We note that 
a\.\M] N\z*j can be expressed using a l (l; N\z; on as 

<4(M; N\z) = ^{l; N\q ±a z;a - m) - aHl; N\q ±ia ~ M) z; a), (4) 

where a is any real number. We note that the newly introduced fields a % ± (M; N\z) , M± {M] N\ 
4(M; N\z) are thus not independent of the fields a^M; N\z; a), ^(M- N\z; a), c^(M; N\ 
In the following sections, we will find it convenient to use this new notation. It will also be 
convenient to use the following shorthand notation: 

(%a)\z;a) =a^M-N\z-a), (5) 
(fa)' (z)=ai(M;N\z), (6) 



z 
z: a 



b + c) [z; a) = V*[z; a) + c u [z; a). (7) 



3. g-difference operator and the Jackson integral Following ||, we define the 
g-difference operator with a parameter n G Z>o: 

(q-q l )z 

Let p be a complex number such that \p\ < 1 and s G C x . We define the Jackson integral by 

/ f(t)d p t = s(l-p) Yl f(sp m )p m , 

J ° m=-oo 

whenever it is convergent. If the integrand f(t) is a total difference of some function F(t): 

/(*) = n d t F(t), 

then by taking p = q 2n , we have 

rsoo 

/ f(t)d p t = 0. 

4. Fock module and Wick's Theorem First we define the Fock module. Let | ) 
be the vector having the following properties 

a\ | ) = bl | ) = c£ | ) = z = 1, 2 [L = 1, 2, 3 ri > 0. 

Define the vectors 

I n, r 2 ; Sl , s 2 , s 3 > = expj £ Wfc^ + E s m(«& + <#) } I ) , 

where a^ 1 is the inverse of the Cartan matrix a^-, and r^, s M G Z (z = 1, 2, = 1, 2, 3). Let F 
be a free Q(g) module generated by {a^, 6^, c^|n G Z <0 , z = 1, 2, /x = 1, 2, 3}. Now we define 
the Fock modules F rijr2 . sl)S2jS3 by 

F ri,r 2]Sl , S2 ,s 3 = F |n, r 2 ; Si, s 2 , s 3 ) . 
Further we write the total Fock module T as 

3~ ~ F ri,r2\si,S2,S3- 
ri,r 2 ,s 1 ,s 2 ,s 3 e'Z 

We regard {a l n , 6^, c^|n G Z> , i = 1, 2, /i = 1,2, 3} as the set of annihilation operators, and 
{a l n , c^, Q % a , Qc\n G Z <0 , z = 1, 2, // = 1, 2, 3} that of creation operators. We denote by 
: • ■ ■ : the corresponding normal ordering of operators. For example, 



: «p{^;„)}^«p{-E^.}«p{-g* 



Note that such normal ordered operators are not well defined by themselves, because they 
have no meaning as a formal power series. If, however, we regard these operators as ones 
acting on the Fock module T , they have a well defined meaning. 
The propagators of the boson fields a % read as follows: 



a*(M; N\z; a)a j (M'; N'\w; (3) 



= -E 

n>0 

= -E 
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+ 



NN' 



logz 



(8) 



[Nn] [N'n] [n] [n] 



NN' 



logz. 



The formal power series in w/z is convergent if \w/z\ « 1. We introduce the propagators 
for boson fields b^ 1 and c M in the same manner. One can rewrite them simply by using the 
logarithm. For example, 

(b> i (z\ct)V'(w-,p))= -<V,„ log(z - g a+/3 w) , |*| > (9) 

Using these propagators, we obtain Wick's Theorem in the following form: 
Proposition 1 (Wick's Theorem) 

: exp{a i (M;N\z;a)} :: exp [a j (m'\ N'\w; (3) } : 
= exp {(a* (M; N\z; a)a j (M'; N'\w; (3))} : exp {a^M; N\z; a) + a j (m'; N'\w; (3)} : . 

There are similar formulas for 6 M and d 1 . 

5. Current algebra In this section we construct the U q {sl$) currents Jf(z), ipi(z) 
and ipi(z) (i = 1,2). Let us define the fields Jf(z) as follows: 



exp< — b 1 (z; 1 



Jt{z) = -: 


id z exp< 


-c'( Z ;0)[ 


Jt{z) = -: 


!<9 2 exp< 


-c 2 (g 2 ;0) 




i<9 2 exp< 


-c'(,;0)[ 



Jf(z) = 



^ expj^a)^; + (f^)^; -l) + (fgc) 1 ^; o) 



X 



+ 



+ te & ) 3 (^-^-3)-(^) 2 (^-^- 2 )} 

-te fo ) 3 M+fe & ) 2 (^ !)} : 

id* exp|-c 2 (g fc+2 2;0)| exp|-6 2 (g fe+2 ^; l) j expj (fe 

^ k-\-3 1 

z ) + b 3 + (q k+3 z) - bl(q k+2 z) :, 

( / s 9. , . _ s / s 



(10) 



x exp< a 



x ex p{-(^) 2 (^¥) + fe c ) 2 (^o)} : 

- : A expj-c^g-^o)! expj-fe 1 (^-^j -l) | expj (fo + c) 3 ( ? - fe " 

Define further the fields ipi(z), (fii(z) as 

^i(z) = exp{a+(g§2) + (ffe)^(gf + ^ -6+(g2 + 2 2 ) +6^(gf + 3 ^)|, 

= exp|a^(g-|^ + (f6)^(g-|- 1 2)-6 2 _(g-f- 2 2)+6 3 _(g-|- 3 2)| 
= exp! [ al(qlz)-b 1 + ( q k 2 + 1 z) + ^b) 2 + ( q k 2 +2 z)+bl(q k 2z)Y 

a 2 (g - ^) - 6i (<?~ 2 ~ i ^ + (ffc) (V 2 ~ ^) + #L (g~ 2 2) 



^;0 



, (11) 



The formulas (10) are not so useful for OPE calculation, because they contain difference 
operators, and bosons in these formulas are somewhat complicated. By the definition of the 
boson fields a\ 6 M , c M , a±, &±, c±, and the g-difference operator, we can recast the fields Jfiz) 
as 



Jt{z) = 



(q-q r )z 



Jt{z) 



(q-q r )z 



expj^jV) -(b + c)\qz;0)j 
e W ^b 1 _(z)-(b + c) 1 (q- 1 z;0)^j :, 
expj-&J_(gz) + b\(qz) +b%(z) - (b + c) 2 (q 2 z- 0) 



- exp|-^(V) + b 2 _ (qz) +b 3 + (z) - (b + c) 2 (z;0) 
+ expjfe 3 + (b + cY(z;6) - (6 + c) 3 (g^;0)| 
6 3 (z) + (b + c) 1 (2; 0) - (6 + c) 3 (g" 1 *; 



cxp< 



+ (6 + c) 1 (g fe+1 z;0)| 
- exp{al(<T^) + (g- fe - 2 ^) - b 2 _(q- k - 2 z) + £ (<T fc - 3 *) 

+ (6 + c) 1 (g- fc - 1 ^0)| 
+ expja^g^^:) +6 3 (g fe+ V) 

-(b + c) 2 (q k+3 z; 0) + (b + c) 3 (g fc+2 ^; 0) j 

{fc+3 
z) -b 2 + (q k+2 z) + b 2 _(q k+2 z) +b%(q k+z z) 

-(b + c) 2 (q k+l z- 0) + (b + c) 3 (g fc+2 ^ 0) j ) : , 
J 2 ~(z)= {q _\-i )z ■■{ exp|ai(9^)+^(^) + (6 + c) 2 («z*+^;0)| 

{fc+3 2 1 

a 2 _ (g""^) + &i (g - * -3 *) + (b + c) (<T fc ~ 2 ,2; 0) 

{k-\-S 2 
ai(g-"2-^) -6j.(g- fc -^) + (jb) _(q~ k ~ 2 z) 

-(b + c) 1 (f k - 2 z- 0) + (b + c) 3 0) j 

{fc+3 9 
ai(<T~*) -&i(<T fe -V) + (f&)_(g- fe - 2 ^) 

-(6 + c) 1 (g-^0) + (6 + c) 3 (g- fc - 1 .;0)}) :. 

Our main purpose is to state the OPE algebra of these currents. To this end, let us 



introduce the function gij(z) as the following formal power series 

gij (z) = (q- a ^ -z) x Y, (V^)™, 

n>0 

and its inverse 

g tJ (z)- 1 = ( q ^-z)xY(q a ^) n . 

n>0 

Further define 5(z) by 

5{z) = Y z n - (12) 
neZ 

Using Wick's Theorem, we get the following formulas. 

Proposition 2 Let J^(z),ipi(z) and ipi(z) (i = 1,2) be the fields defined as above, and let 
7 = q k , then the following relations hold in the sense of a formal power series: 

[(Pi(z),ipj(w)} = 0, 
[ipi(z),ipj(w)] = 0, 

Vi(z)il)j(w) = g ij (zw- 1 >y- 1 )g ij (zw- 1 >yy 1 'ip j (w)ip i (z), 
Vl {z)jf{w) = g^zw-^^jfiw^iiz), 
i>i{z)jf{w) = g^w^/^jfiwmz), 

'jt(z), j-( w )] = _ 5 \ (sizw-'r'mW 2 ) - Kzw-^iiwr 112 )) , 

(z - wq ±a -)Jt{z)jf{w) = (zq ±a » - w) jf (w) jf \z) , 

{j±( Zl )Jt(z 2 )jf(w) -(q + q- l )Jt{ Zl )jf{w)Jt{z2) + jf{w)jt{ Zl )jt{z 2 )} 
<-> z 2 | = for dij = —1. 

Before we consider the mode expansions of the fields Jf(z),ipi(z), and (fi(z), let us intro- 
duce the operators Jf n (n £ Z^ ) and Kf 1 as 

J L = alg ~i\n\ + M^-d + ')'"' _ blf (l + 2)H + b s f (l + 3),, 

^-±1 = ^ ± ( a o+E J 2 =i a ^ 6 o+ 6 o) 



Then we can write ipi(z) and <Pi(z) as follows 

I n>0 J 

¥>t(z) = 



I 72<0 J 



Since the currents Jf z {z),ipi{z), and tpi(z) are well defined operators acting on the Fock 
module T, then we can consider the following mode expansions 



^ Jin Z 



± „-n-l 



(13) 



neZ nsZ ngZ 

Now we are ready to state our main proposition: 

Proposition 3 T/ie operators {Jf n \n G Z^ ,i = l,2},{J^|n G Z, z = 1,2}, K { (i = 1,2) 
and 7 ±1//2 acting on the Fock module T , satisfy the following relations. 



7 ±1//2 G the center of the algebra 

3 7 3 



r T 

"in' " tm 



r K 



1 ] 7 "- 7 -" 
Cn+m,0 — ^j— , 

n q — q L 



0. 



KiJtKr 1 = q ±aiJ 'J* 



■ jn i 



J 3 J* 

in' ]m 



jn' 

±^[«^]7 Tl " l/2 ^ +m , 



u in+l u jm y u jm' J in+l ~ H ° in j 



7 + 77 

in' ]m 



9-9 



- 7 ± 7 ± 

jm+l "jm+l^ini 
(m—n)/2 



f T± T± T± _ / , -1\ T± T± T± , T± T± T± 1 

°im° jn Vi ' H J jn° im ' u jn u il u imj 

+ {/ <->• mj = for dy = —1. 



These are exactly the relations of the Drinfeld realization of U q (sls) for level k |J. Thus (10) 
and (11) yields the required bosonization. Since the vectors 1 1%, 1% 0, 0, 0) (Zi , Z 2 G Z) have 
the following properties 



if,|Z 1 ,Z 2 ;0,0,0) = 9 Ii |Zi,/ 2 ;0,0 J 0) 



1,2, 



4|M 2 ;0,0,0) = %-- 
J im |Z 1 ,Z 2 ;0,0,0) = i 

Vw|Zi,Z 2 ;0,o,o> =0 i 



1,2 n > 0, 
= 1,2 m > 0, 
= 1,2 m > 0, 



we have the highest weight representations of U q {sl^) in the Fock module T. One can immedi- 
ately find that this representation reduces to the Wakimoto representation in the q — > 1 limit. 
Note that we have a nice relation between this Wakimoto representation and the difference 



operator representation of U q (sls) given in ref.JT2 



6. screening currents Let us define the screening currents Si(z) (i = 1, 2) as follows: 

Si(z) = -: 



+ 



exp< 


-&'(?*; -l) 


exp< 


'-*(«-!)} 



X 



So(z) 



yd z exp{-c 2 (^;0)} 



-b\ Z] -l) exp U^a)\z-^) 



Then we get the following proposition and its corollary. 

Proposition 4 The following commutation relations hold. 

[Vi(*),S»]=0, 
[(pi(z),Sj(w)} = 0, 



Jt(z),S,(w) 



0. 



k+s9 w \ 6(w/z) : exp|-(^a) (w; ^) 
Corollary 5 If the Jackson integral of the screening currents 

Si(t)d p t, p = q 2 ^ 



(14) 



are convergent, then they commute with the action ofU q {sl^) exactly. 

Results obtained in this article can be extended to higher rank algebra U q (sl n ) |i"5| . 
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